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Abstract 

Let Ai be a a— finite von-Neumann algebra with a separable pre-dual 
and a be an automorphism on Ai with a faithful normal state <fi. It is 
well known that there exists a norm-one projection E : Ai — > Ai so that 
s n (%) — J2o<k<n-i ak ( x ) E(x) as n — > oo for all x G M. in the weak* 
topology induced by it's pre-dual Banach space A4* where E is the norm one 
projection on von-Neumann sub-algebra M = {x G At : a(x) = x}. We prove 
in the present short paper that 

lim^ooll^ o s n - i> o E\ \ ->■ 

as n — > oo where feM, and ||.|| is the Banach space norm of Ai*. We also 
extend the scope of the result to a normal unital Markov map r : Ai — > Ai 
which admits a faithful normal invariant state 0. The result includes a proof 
for a second countable locally compact amenable group G acting on Ai. 
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1 Introduction: 

Let H be a complex Hilbert space and B(H) be the set of bounded operators 
on H. B(H) is the Banach space dual of the trace class operators T(H). A *- 
sub- algebra Ai of £>("H) is called von-Neumann algebra if Ai is closed in weak* 
topology on B(H). Given a von-Neumann algebra Ai, the pre-dual Banach 
space Ai* of Ai need not be separable in general and thus the norm closed 
unit ball in Ai, which is compact in weak* topology, need not be metrizable 
and thus need not be sequentially compact i.e. a bounded sequence in Ai may 
not admit a convergent sub-sequence in the weak* topology. One usually avoid 
such a difficulties by considering Ai acting on a complex separable Hilbert 
space %. For finer details on these questions we refer to Chapter 3 in [Tak]. 

Though any automorphism on Ai is normal and closed unit ball in the dual 
space Ai* is compact in weak* topology, it may not ensure an invariant normal 
state for an automorphism on Ai and neither we can ensure even existence of 
an invariant state. This is not a surprising fact as these are well known when 

is a commutative von-Neumann algebra such as l^Z) and automorphism 
is the shift. There exists no invariant state on l^Z) for a shift. Difficulty 
lies with the fact that Ai is not separable as a C*-algebra in most interesting 
cases which includes example such as B(H), where H is a complex separable 
Hilbert space. However there are many well known situation, like in ergodic 
theory on measure space, in quantum theory as well, where an automorphism 
admits an invariant normal state. Most interesting example arises in the GNS 
space associated with a C*-dynamical systems associated with invariant state. 
We will discuss briefly C*-dynamical systems at the end of this paper. 

We call a triplet (Ai, a, 0) a quantum dynamical system where Ai is a von- 
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Neumann algebra and a is an automorphism with a faithful normal invariant 
state <f>. The assumption that <fi is faithful does not put a strong restriction 
as otherwise we can restrict our attention to the corner von-Neumann algebra 
p^Aiptf, where p<f> G M. is the support projection of the normal state (j) as 
p<f> is an invariant projection for a. In such a case the corner von-Neumann 
algebra is a a— finite von-Neumann algebra. We will also assume without loss 
of generality that M. be a a— finite von-Neumann algebra acting on a Hilbert 
space V, which is equivalent to existence of a faithful normal state on M [BR 
vol-1]. 

Let (.M, a, <fi) be a quantum dynamical system. It is quite some time now 
that it is known [Fr] that 



as n — y oo in weak* topology i.e. a— weak operator topology i.e. for each 
ip G M* ip(s n (x)) — > ip(E(x)) for all x G M as n — y oo. Given a sequence of 
weakly convergent normal states if) n on Ai, the sequence need not be strongly 
convergent i.e. need not be Cauchy in Banach space norm of .M*. Such a 
statement however true if M. is a type-I von-Neumann algebra with centre 
completely atomic. In other situation it is known to be false [De]. Thus the 
general theory of strong convergence no way ensures Birkhoff theorem which 
says that 



as n — y oo for all element ip G M.*. Interesting point here that faithful property 
of the invariants state allows us to avoid assuming sequential compactness of 
the closed unit ball of M. in weak* topology. Thus the result that we prove 
here is a bit of surprise though Birkhoff point- wise ergodic theorem makes little 
sense in non-commutative framework of operator algebras. 



(1.1) 



l<k<n 




(1.2) 
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The paper is organized as follows: In our next section we enlarge our domain 
to quantum dynamical semi-group of completely positive normal map on M. 
after a short review on completely positive map on C* algebra. In section 3 we 
will include Birkhoff theorem for a second countable locally compact amenable 
group action G on a von-Neumann algebra A4. 

2 Quantum dynamical semi-group: 

Let A be an unital C* algebra. A map r on A is called positive if t(A+) C A + , 
where A+ is the cone consists of the positive elements of A i.e. A + = {x*x : 
x G A}, r is called n-positive if 

r®I n : (x)) ->• {r{x))) 

is also positive on M n (A), (n x n) matrices with elements in A. r is called 
completely positive if r <g) /„ is positive for each n > 1. By Gelfand's theorem 
without loss of generality we may assume that A C 13(1-1), where "H is a Hilbert 
space over field of complex numbers. It is well know [St] that such a completely 
positive map r : A — > B(T-L) admits a canonical representation given by 

r( x ) = V*n(x)V 

where n : A — > B(K,) is representation of A in B(JC), JC is a Hilbert space over 
field of complex numbers and V is a bounded operator from T-L — > K,. Further 
r is unital if and only if V is an isometry. In this paper we will consider only 
unital maps. 

Given a unital 2— positive map r on A we have Kadison-Schwarz inequality 



t(x*)t(x) < t(x*x) 



(2.1) 
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and further if equality hold for x then 



r(x*)r(y) = r(x*y) 



(2.2) 



for all y e A. This shows that {x : t(x*)t(x) = r(x*x), t(x)t(x*) = r(xx*)} 
is C*-sub algebra of A. 

We take iT to be either /Z, the set of integers or M the set of real numbers. 
IT+ be set of positive numbers of IT. Let r t : £ > be a semi-group of completely 
positive maps on von-Neumann algebra M. with To = I. We assume that for 
each £ > 0, r t is a normal map i.e. l.u.b.r t (x a ) = r t (l.u.b.x a ) for any increasing 
net x a G jM+ bounded from above where l.u.b. is the least upper bound and 
t — > Tt(x) is continuous in a— weak operator topology when iT = M. Let <p be 
a faithful normal r-invariant state on M. i.e. 



for all x G and £ > 0. The result that follows in this section has a ready 
generalization to a faithful weight [Ta] which we avoid as it makes very little 
qualitative improvement of our results once we incorporate Radon-Nykodym 
theorem for weights. One interesting observation here that once we know a 
positive map r admits a faithful normal invariant state, then r is automatically 
normal. 

Lemma 2.1: Let be a faithful normal invariant state for a completely posi- 
tive unital map r : M. — > M.. We identify M. with Ti^Ai) where ("H^, ir^, ^) 
is the GNS space associated with <j), (f>{x) =< C^i 71 ^)^ > an d is a cyclic 
and separating unit vector for tx^M) in H^. Then there exists a completely 
positive map r' : tx^M)' — >■ ^(.M)' so that 



0(rt(a;)) = 0(z) 



< T'(y')C,frxC,4 >=< y'(<t>, T ( x )(<fi > 



(2.3) 
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for all x G n^M) and y' G ix^M)' . Further 

\^ y{ , y ' 2 (s n (x)-s m (x))\ < \\(s' n -s' m )(yly 2 )CM x Q\\ < ll(Sn-0((?/')l3/2)C*ll \\ x \\ 

(2.4) 

where ip y > ty > (x) =< y[(<j), xy' 2 Q > and s n , s' n denotes rfi 1 mean associated with 
the maps r and t' respectively. 

Proof: First part of the statement is not new and details have been worked 
out in section 8 in [OP] . For the sack of completeness we recall essential points 
omitting the details. Existence part is a standard result which follows as a 
simple application of Dixmier's fundamental lemma [Di] for normal state tp 
satisfying ip < A</> on M.+ for some A > admits a representation ift(x) =< 
y'(,4>i x C<t> > where y' is non-negative element in the commutant ir^M)' of 
7r^(A^) and such an element is unique. For any non- negative element y' G 
tv^M.)' we consider non-negative normal functional ip y >(x) =< y'C(/>i T ( x )(<l> > 
and check that -i/y < Hy'110 and thus by Dixmier's lemma we get an unique 
non-negative element r'(y') G ti^M.)' so that (2.3) is satisfied. We can extend 
now the definition of r'(y') for an arbitrary self adjoint element by linearity 
using the decomposition y' = y' + — y'__ with y' + y'_ = 0. For an arbitrary element 
y we use tt^M)' = r n ( f ) (M)' h + i'K < f > (M)' h) tt^(M)' being a *-algebra. It is simple 
to check that (2.3) hold for any y' G n^M)' , x G n^(M). 

That t' takes non-negative element of M.' to non-negative elements follows 
by our construction and also note that r'(J) = / since 0(r(x)) = <p(x) and <p 
is an invariant state for r'. The vector state y' — >< y'Q > being normal 
faithful on M.\ invariant property for r' will ensure normal property of r' from 
normality of the vector state. 

That n-positivity of r' will follow from n— positivity of r once we use mod- 
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ular relation to rewrite (2.3) as follows: 



4>{f{y)Gi_{xj) = <f>(<r_i(y)T(x)) 



(2.5) 



for all x, y G M. those are analytic with respect to the modular group a = (a t ) 
where a t (x) = A^xA^ 1 * : t G 1R on M. associated with (ft where 

and A^, J$ are modular operator associates with Tomita's conjugate action 

: xCp ->■ x*C,^x G M. 

We use modular relation 



for two analytic elements x,y where we write x(<j>) = <Ti(x) for any analytic 
element x for the modular group. 

Thus we check for analytic elements 1 < Xi,yi < n we have that 
<Kv*f(rilxj)yj) = 0(^(0)*r( % (0)*^(0))^(0)) and thus 0(y*f(x*^) % ) = 
( P( x j{4>)* T {yj{ ( f ) )*yi{(t ) )) x ii. ( f ) )) > by n-positivity of r. By faithful property 
we get y*f(x*Xj)yj) > 0. Since analytic elements are dense in weak* topology 
we also have [-M a C/>] = [A^C^] — ^<j>- Hence ((f(x*Xj))) is a non-negative defi- 
nite element in M. ® M n (E). Thus f <g> I n takes non- negative elements of the 
form ((x*Xj)) : X{ G M. a ) into non-negative elements of M n {M). Such elements 
being dense in M n (A4) + , we conclude the result by normality of f <g> /„. 

We can avoid use of Tomita's theorem while proving n-positivity of r' as 
follows. That r' is positive follows from Dixmier's lemma. For n positivity of 
r', we consider the faithful normal state <p n = (ft <8> tr n on M n (ir<f,(M.))i n x n 
matrices with entries in n^M.) and identify with it standard form i.e. GNS 



(ft(x*y) = (ft(y*((ft)x((ft)) 



(2.6) 



8 



space, where tr n is the normalize trace on M n (C). Now we consider the map 
r n = t <S> I n in the GNS space associated faithful normal invariant state <f> n and 
check that the dual map of Dixmier is given by t^ — t'<S> I n in the commutant 
of M n {-K^{M))' = Mnin^M)'). Thus positivity property of r' n follows from 
that of r n . 

The inequality (2.4) is fairly obvious by Cauchy-Schwarz inequality. ■ 

Lemma 2.2: Let (A4,r, (f>) be as in Lemma 2.1. The map T : xQ — > r(x)( ( p 
has a unique contractive extension on and 

s n (T) = - J2 Tk ^ P ( 2 - 7 ) 

71 l<fc<n-l 

in strong operator topology where P is the projection on the closed subspace 
{/ : Tf = /} which is equal to the closed space generated by {xQ : x G Af} 
where Af = {x G M. : t(x) = x}. Further 

s n {x) -)• E(x) (2.8) 

in weak* topology of M. 

Proof: Once again first part is a well known consequence of Kadison-Schwarz 
inequality for 2-positivity map r which says that 

t(x*)t(x) < t(x*x) (2.9) 

for all x G M and further equality hold in (2.9) for x if and only if 

T (x*y) = T(x*)r(y) (2.10) 

for all y G A4. Thus we get ||TxC</>|| < by invariance property. Let 

P be the orthogonal projection on the closed subspace {/ : Tf = /}. Then 
(1 - P)TP = 0. For any / G with Tf = f, we also have \\T*f - f\\ 2 = 
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||T*/|| 2 - < T*f, f > - < f,T*f > +H/H 2 < as T* is a contraction and 
Tf = f. Thus we get T*f = f. Thus we also have (1 - P)T*P = and so 
TP = PT. It is simple to check also that s n (T)(I - T) = ±(J - T n ) and so 
\\s n (T)(I — T)\ \ < f t — > asn — > oo. In particular we get s n (T)f — > in strong 
operator topology as n — > oo for any / G — T) = N(I — T*) 1 - = I — P i.e. 
s n (T) — )■ P in strong operator topology as — >■ oo. The line of argument that 
we use here can be traced back to P. R. Halmos [Ha] . 

We apply compactness property for the bounded net s n (x) as ||s n (x)|| < 
| |x| | to claim that it has unique limit point. Let x^, be two such limit points. 
If so then x^C,^ = x^C,^ as s n (x)C<^ — > Px^ in strong operator topology. Now 
by separating property of for Ai, we conclude that x 1 ^ = x 2 ^. Limit point 
being unique we conclude that s n (x) — > x^ for some x^ in weak* topology. It 
is now a routine work to check that the map x — > E(x) = x^ is completely 
positive unital map preserving <fi. Thus E is also normal. As Px^Q^ = x^C,^ 
i.e. r(xoo) = by separating property and so E(x) G Af. That E 2 = E is 
obvious and so is the bi-module property of E [Um] i.e. yE(x)z = E(yxz) for 
all y,z G Af and x G Ai which follows from (2.10) applied to r n 

yr n (x)z = r n (yxz) 

for all y, z G Af and x G Ai. ■ 

Theorem 2.3: Let (A4,t, 4>) be a completely positive unital map with a 
faithful normal invariant state on Ai. Then there exists a norm one projection 
E : M ->■ Af onto Af so that 

||^os n -^o£|| ^0 (2.11) 



as n — > oo for any ip G Ai*. 



10 



Proof: Lemma 2.2 is saying that (2.11) is true for all normal state if) = if) yi , y2 - 
Since is also cyclic for n^Ai)', the class of normal functional {ift yiiy2 '■ yi, 2/2 £ 
ir^AA)'} is total in the Banach space Ai* in strong topology we conclude same 



Theorem 2.4: Let (M.,r t ,(f>) be a semi-group of completely positive unital 
map with a faithful normal invariant state on AA. Then there exists a norm 
one projection E : AA —> Af onto Af so that 



as A — > for any ip G AA* where 

s x = \ j e~ xt T t dt 

and E is the norm one normal projection onto Af — {x : r t (x) — x, t > 0}. 

Proof: Proof goes along the same line that of discrete time dynamics [Fr] . We 
indicate here a proof leaving the details to reader. We set contractive operator 



on l-Lcj, where T t x(^ = r t (x)^ is the strongly continuous semi-group of con- 
traction on He/,. As A — > 0, S\ — > P in strong operator topology fol- 
lows along the same line where P is the projection on the closed subspace 
{/ : T t f — f : t > 0}. Thus we can use strong convergence s' x (T') — > P' as 
A — > 0, where P' is the projection on the closed subspace {/ : T[j — f : t > 0} 
where T(y'Q = T'(y')Q, y' G AA' . Once again same argument shows that 
P' — P to conclude that W^y 1 tf isx — s^W — > in A4* as A, /j, — >■ 0. Once more 
using sequential weak* compactness of AA and duality argument, we conclude 
that | o sx — ip o E\ | as A — >■ for all ip G A^*. ■ 



holds for any element At*. 



o s x - ip o E\\ ->■ 



(2.12) 
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Note that for E to be a normal norm one projection from Ai on M in above 
theorems, we only require r to be 2— positivity to ensure Kadison-Schwarz 
inequality (2.9). For a normal invariant state <fi for r we have T t {p$) > p<f> for all 
t > and rf{x) = p^r^p^xp^p^ is a one parameter semi-group of completely 
positive ( 2— positive if r is so ) contractive unital map on the corner von- 
Neumann algebra M.^ = p^Aip^. In such a case if Af — {x : T t (x) = x} we 
have r t (p^) t I as t — > oo and s x (x) — > (p (x) in weak* topology as A — > 
[Mo2]. Thus going along the same line we have | \ip o s A — <f>\ \ — )• as n - )> oo if 
A/" = {x : T t (x) = x : t > 0} = {z/ : 2; G C} for any normal state ip on A'f. 

In the next section we focus our interest to a locally compact second count- 
able amenable group G acting on a von-Neumann algebra M. with a separable 
pre-dual space and prove Birkhoff theorem. 

3 Birkhoff's ergodic theorem for amenable 
group: 

A locally compact group G is called amenable of for any compact K C G 
and 5 > there exists a compact subset F C G so that \FAKF\ < 5\F\ 
where we use |.| to denote the left Haar measure on G. Such a set F is called 
(K, 5)— invariant. An infinite sequence F\, F 2 , ... of compact subsets of G will 
be called F0lner sequence if for every compact K and 5 > 0, F n is (K, 5)- 
invariant for all n > N(K, 5), where N(K, 5) is an integer depending on K and 
5. 

Let G be a locally compact second countable amenable group acting from 
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left bi-measurably on a probability space (X, J 7 , fx) such that 

fiog- 1 (E)=ft(E) 

for all g E G and E E J 7 . For an element / E L}{x,B, fx), we set s(F, f) to 
denote the average 

s(FJ)(x)^^rJ F f(gx)dm(g) 
where dm is a left-invariant Haar-measure on G. 

A basic problem in ergodic theory is to make a wise choice for a F0lner 
sequence so that 

s(F n , f) ->■ /(a;) a.e. 

and also in norm topology of L X (X, B, ft) as n — > oo where /(x) = J r e )(x) 
is the conditional expectation / on the cr-field of G-invariant sets i.e. 

T e = {E : fx(EAg-\E)) = 0, Vg E G} 

A. Shulman [Sh] introduced in his thesis such an useful concept to prove an 
L 2 -version of ergodic theorem [Sh] which played a key role in Lindenstrauss L 1 
version of ergodic theorem [Li]. We briefly recall [Sh] that a F0lner sequence 
{F n : n > 1} of compact subsets of G is called tempered if there exists a 
constant C > such that 

| (J F^Fnl < C\F n \ 

k<n 

for all n > 1. Lindenstrauss [Li] also proven that there exists a sub-sequence 
of a F0lner sequence which satisfies A. Shulman's tempered condition. 



A. Shulman [Sh] proved that for each / E L 2 (X,B,fi) 

s(F n , f) / 
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in L 2 whenever F n is a tempered F0lner sequence. In the following we put his 
result in an abstract set up. 

Theorem 3.1: [Sh] Let G be a second countable locally compact amenable 
group and F n be a tempered F0lner sequence for G. Let g — > u g be a uni- 
tary representation on a Hilbert space % so that the map g — >< /, u g h > be 
continuous for any two elements f,heT-L. Then 



in strong operator topology as n — > oo where P is the projection on the closed 
subspace {/ : u g f — /, Vg G G} and 



Proof: It goes along the same line [Sh] once we notice the proof does not use 
explicit form of the group action on the Hilbert space L 2 (X, B, jj). We skip the 



Theorem 3.2: Let G,F n be as in Theorem 3.1. Let g — > a g be a group of 
♦-automorphism on M. such that g —¥ tfj(a g (x)) is a measurable function for 
each x G M. and ip G M.* and be a faithful normal invariant state for a g . 
Then for any i/j G A* 

||^ o s n - ^ o E\\ ->■ 
as n — )• oo where i? is the normal norm one projection from .M to 

JV = {x G M : ot g (x) = x} 

Proof: We set unitary representation g — >■ m 9 : = x G and 

Sra(w) = t^t J Fn u g dm(g). By Theorem 3.1 we have s n — > P in strong operator 



s(F n ,f)^Pf 



(3.1) 




details. 
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topology where P is the projection on invariant vectors {/ : u g f = f : g G G}. 
We claim that P is the close span of the vectors in {xQ : x G Af} where 
J\f = {x : a g (x) = x; g G G}. To that end we consider 

s n (x) = f at g (x)dm(g) 

and we once again we conclude that s n {x) — > E{x) in weak* topology by 
weak* compactness of the unit ball to some element E(x) and faithfulness 
of the normal state. So in particular we have E{x)C, ( j } G P. Thus we have 
E(x)C ( j > = a g {E{x))C >( j ) for all g G G. Thus E{x) G M by separating property of 
Q. Still we have not shown that P is the linear span of {u g f — f : f G 
One way inclusion is trivial. For the reverse direction, let / be an element 
such that u g f = f for all g G G and orthogonal to {xQ : x G Af}. Then 
< f,E{x)C, ( f > >= for all x G .M. However we also have < f^E^x)^ >= 
lim^oo < f\s n {x)C,^ >=< fjX^ >. being cyclic we conclude that / = 0. 
This shows the equality of those two subspaces. 

Now we use (2.4) with x — > s n (x), which is a completely positive map on 
M, to conclude 

||Vy ll2 4 s n - Vy 1; ^ s m \\ < - 0((3/2)*i/i)C*ll ->■ 

as m, n — )■ oo as s' t ( w ) — ^ -P in strong operator topology by Theorem 3.1 
where s' n {u) = r^-r / u g -idm(g) on "H^. Thus the result follows since the set 
{i>y> y> '■ y[, y'2 £ A^'} is total in A4* in the Banach space topology. ■ 

Before we end this paper we briefly review classical situation. Let G be as 
in Theorem 3.2. G be acting on a probability space (X, B, //) bi-measurably i.e. 
(g,x) — > is a measurable map so that for each g the action x — )■ is measure 
preserving. Let a g : L°°(X, J 7 , /x) — > L°°(X, J 7 , /x) be the automorphism defined 
by 

a g (h)(x) = h(gx), x G X 
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Null sets being preserved by each g, the map is well defined. L°°(X,B,fi) is 
identified with {M h : h G L°°(X, B, //) where M ft is the multiplication function 
on L 2 (X,B,fi) defined by 

M h (f)(x) = h(x)f(x), xeX 

a element if) G .M* is written as = Sfc>i < fn,xg n > where f n ,g n G 

L 2 (X,B,fi) with X} n ||/ n || 2 < oo and Sn>i I \9n\ \ 2 < oo. Thus we may iden- 
tify ip with i/)(x) = J2 n fn( x ) 9n(x) G L 1 (X , B , fj) . Note at this point that 
■ip(Mh) =< ip,h >= J x ip(x)h(x)dii(x). In our analysis we have assumed that 
closed unit ball M is sequentially compact. Here M = L°°(X, B, fi) is automat- 
ically a— finite von-Neumann algebra as fi is a faithful state on M.. However 
sequential compactness of closed unit ball of M. in weak* topology is not so 
obvious unless we assume M.* is separable. Proposition 2.1 with commutative 
M. appeared in the literature [Ne] while studying Hunt's notion of time reverse 
Markov process. The net gain that we have got in the classical set up that we 
could arrive at Birkhoff's L 1 - convergence theorem without proving ' maximal 
ergodic theorem ' [Wa,Li] and Birkhoff L 1 convergence is intimately connected 
to von Neumann's L 2 ergodic theorem for dual map. It is not clear however how 
one can arrive at Birkhoff's maximal ergodic theorem by a functional analytic 
method. 

We refer to monographs [BR] or [Pe] for interesting examples that appear in 
C*-dynamical systems. In the following we briefly indicate standard set up for 
a C*-dynamical system. Let G be a second countable locally compact amenable 
group and x — >■ ce g (x), g G G be a group of *-automorphism on a unital C*- 
algebra A. We assume for each x G A the map g — > ct g (x) is continuous. We 
may assume sequential weak* compactness of the norm closed unit ball of dual 
space A* of A for existence of an invariant state for a g . Let be a G-invariant 
state for A. It is simple to check that the map 7r^(x) — > 7r^(a 9 (x)) extends to an 
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automorphism on M. = tt^(A)" and for each x G A4, the map g — > 7i^(a g (x)) is 
continuous in a— weak operator topology where ("H^, 7r^, is the GNS space 
of (.4, 4>). A state on A is called faithful if (f>(x) = for x > ensures that 
x = 0. In such a case the vector state by is a faithful normal invariant state 
for the induced group of automorphisms (a g ) on A4. The extremal elements 
in the convex set of /3-KMS state for a translation invariant Hamiltonian on 
one dimensional quantum spin A = ®%M d (E) are known examples that are 
faithful. Such a state is also known to be a factor state and ergodic for the 
translation action. For more explicit examples we refer to [BR,OP,NeS,BE]. 
Duality relation (2.3) has been explored in greater details in a series of papers 
[Mol-3]. 
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